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Adams-Sears iterative procedure, which is straightforward
once the solutions (14) and (15) are known (e.g., see Ref. 2
and Ref. 4, pp. 34-40)

We remark that the solutions (14) and (15) appear to be new
in the literature, which can be otherwise obtained from more
complicated methods such as integral transform. Fur-
thermore, we note that these solutions are strictly near-field
solutions, derived for bodies/wings of slender ratio upon a
very small departure from the nonlifting flow (hence, a
thickness dominated problem). They should be therefore
distinguished from the recent work of Cheng and Hafez11 in
which three-dimensionality is considered for the nonlinear
transonic flowfield involving different degrees of lift control.

Conclusions
A much simpler derivation for the not-so-slender

wing/body potential has been presented as a result of the
uncovered asymptotic property of the line source structure
near the body axis. Based on the asymptotic equations for-
mulation, a general recurrence formula is obtained which can
yield readily the NSSB potentials up to arbitrary order in r.
Formulas Eq. (8a) and Eq. (11) are generally valid for a
smooth body in all regimes of the potential flow insofar as the
governing equations are linear. Also, the linear operator A is
restricted to performing differentiation only in the x-
direction.

The present approach can be readily extended to the un-
steady flow analysis. To obtain the oscillatory NSSB
potential, however, the spatial influence function, g ( x ) [see
Eq. (3a)], corresponding to the axisymmetric pulsating
solutions, must be provided by other means of derivation. In
fact, these pulsating solutions have been previously
established by Platzer12 for subsonic and supersonic cases and
generalized by Liu, et al.,6 [Eqs. (2.17)-(2.20), p. 3] to in-
clude the linearized transonic flow case. It is demonstrated in
Ref. 13 that following the present approach the oscillatory
NSSB potential for the linearized transonic flow can be
derived within a few steps. Further work concerning the
unsteady-flow extension will be reported in a forthcoming
Note.
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Efficiency of Navier-Stokes Solvers

M. Adas,* M. Wolfshtein,t and M. IsraeliJ
Technion—Israel Institute of Technology, Haifa, Israel

T HIS paper describes numerical experiments used to
evaluate the relative efficiency of some finite-difference

methods for the solution of the vorticity-stream function
form of the two-dimensional incompressible Navier-Stokes
equations. The comparisons were drawn by recording the
CPU time required to obtain a solution as well as the accuracy
of this solution using five numerical methods: central dif-
ferences, first-order upwind differences, second-order upwind
differences, exponential differences (these four methods
incorporate the Gauss-Seidel iterative procedure), and an ADI
solution of the central difference equations. The mesh sizes
used were 11x11, 21 x 21, and 31 x 31.

Solutions were obtained for two test cases: a recirculating
eddy inside a square cavity with a moving top, and an im-
pinging jet flow. Solutions for various Reynolds numbers
were obtained, with emphasis on high Reynolds number
flows.

Equations and Test Problems
The vorticity-stream function formulation of the two-

dimensional Navier-Stokes equations is given by the vorticity
equation

a—dx
a-T-dy

r a2f
L dx2 dy2

and the stream function equation

-r=- dx2 dy2

(1)

(2)

where f is the vorticity, \[/ is the stream function, u, v, x, y are
the velocity components and spatial coordinates, respectively,
and v is the kinematic viscosity. The velocity components are
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calculated by and using only "upwind" values, it follows that

dx
~a* (3) -IL

Two test cases were treated. In the first case the recir-
culating flow inside a square cavity with a moving top was
calculated. The boundary conditions for this problem are that
the normal velocity vanishes on all four walls, whereas, the
tangential velocity is zero on three stationary walls and is
unity on the moving wall. This problem has been chosen
because of the great number of solutions available for it,
which enable direct comparison of new solutions with
previous ones. 1>2

The second problem was that of a plane jet impinging
normally onto a flat infinite surface. This is a symmetric
problem, and only half of the jet ought to be considered.
Boundary conditions for this problem are: zero tangential
and normal velocity on the surface, zero vorticity and stream
function on the symmetry axis, prescribed vorticity and
stream function profiles on the upstream boundary, and zero
vorticity and stream function gradients normal to the
downstream boundary. For further details the reader is
referred to Ref . 1 .

Finite-Difference Equations
The differential equations were approximated by finite

differences on a uniform mesh. The usual five-point scheme
was used for the Laplacian, and central differences were used
for the velocities in Eq. (3). Four schemes were used for the
vorticity transport terms: a conservative centered scheme,2 a
conservative "upwind" scheme,3 an exponential difference
scheme,4'6 and a nonconservative second-order "upwind"
scheme analyzed for a one-dimensional case by Price et al.5

The fourth scheme which is not well known is rederived here
for convenience in a simple way. Consider the derivative
d£/dx at a net point (x, y) when the velocity u is positive.
Expansion about x- hi 2 gives

dx
—,2

dx v""' h

t(x, y) -2S(x-h, y) + t(x-2h, y)|

which is equivalent to

2/2

dx

(5)

(6)

(4)

Implementation of Eq. (6) is particularly simple in an iterative
scheme where required values are obtained from previous
iterations. Thus, when the iteration converges second-order
accuracy is retained.

Special treatment is required when (x — h, y) falls on a
boundary. On an inflow boundary the normal derivative of
the vorticity is known, on an impermeable boundary the
normal velocity vanishes and u(x, y), at the first mesh point,
is O(h) and therefore the simple "upwind"scheme can be
used still keeping the error O(h2) .

A linearized stability analysis for the fourth scheme, in-
dicates unconditional stability for a Gauss-Seidel iteration for
all Reynolds numbers.

To summarize this section the coefficients of the finite-
difference equation for each scheme will be summarized. The
coefficients of the upwind schemes are, of course, dependent
on the signs of the velocity components u and v. Therefore, to
simplify the presentation, only the coefficients for positive u
and v are given here. The coefficients for other cases may
easily be derived. All of the schemes yield equations of the
form

(7)

The C coefficients are given in Table 1, together with the
maximal Reynolds number allowing a stable solution of Eq.
(7) by the Gauss-Seidel method.

A second-order accurate finite-difference equation for the
solid wall vorticity was used. For an impermeable wall which
moves in its plane at a velocity u w, the equation is

but

-£5-(*-7-»-*-5? (x-h,y)+O(h2) (8)

Table 1 Coefficients of the finite-difference vorticity equationa

CN
cs
CE
Cw

CP

Central
\-RN/2
\+Rs/2
l-RE/2
\+Rw/2

4

Upwind, first order
H>0; t>>0

1
\+Rs

I
\+Rw

4 + Rx + Rv

Upwind, second order
w>0; u>0

1
1 + 2Rs

I
\+2Rw

4 + 2Rx + 2Rv

Exponential
EVD

d-Ev)D
Ex

1 - E,
\+D

__ j i I j I
ax / w \ dy / si

Stability
condition

Ally's smaller
then 2

Unconditional Unconditional Unconditional

* Accuracy
Conservation

h2
Yes

h
Yes

h2
No

h2
No

l]/[exv(2Ry)-l];D=(v/u)[(l-2Ex)/(l-2Ev)].
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where P is a point on the wall, and Nis the node adjacent to P
inside the field. An estimate of the accurate solution was
obtained by applying Richardson's extrapolation to the
central difference results.

Results
Both the square cavity and impinging jet flow have already

been reported in the literature and need not be described in
detail here. Instead attention will be given to the comparison
between the different methods. As both flows are complex, a
detailed comparison of various solutions would be very
lengthy. Therefore, only typical quantitites for the flow in
question will be considered. For the cavity flow a represen-
tative quantity is the maximum stream function in the field,
which is a measure of the strength of the captive eddy inside
the cavity. The computed value of this quantity is given in
Table 2 for different methods and for different Reynolds

numbers. It has been shown in previous investigations that the
maximum value of the stream function is about 0.1. In Table
2 it can be seen that central difference solutions using ADI
method and 31x31 mesh are fairly accurate. The second-
order upwing method shows a deteriorated accuracy at high
Reynolds numbers, although the 21x21 mesh produces much
better accuracy than the 11x11 mesh. The first order upwind
differences are significantly worse than other results.

The results in Table 2 allow comparison between different
methods on the basis of the price required to obtain a given
accuracy. The results show that second-order central dif-
ference is the cheapest method at the given Reynolds numbers.
However, ADI is only slightly more expensive for the same
accuracy. The second-order upwind method is the most ex-
pensive of all second-order methods, but even so it is not
much more expensive than the three above-mentioned second-
order methods at low errors. At the low accuracy

0.47
0.77
0.47
1.43
0.47

0.85
0.85
2.49
1.38
1.85

6.4
29.0

Table 2 Error of maximal stream function in the square cavity (compared with results of a Richardson extrapolation)

Mesh size

117.7
95.4

107.3
105.3
122.8

100.8
82.9

124.3
106.5
102.3

183.2
207.4

Re=\
555
684
682
686
688

480
592
584
700
579

905
1330

0.96
0.96
0.96
1.9
0.97

2.3
2.3
6.1
2.6
3.9

14.4
33.2
16.3

21.64
19.90
23.85
20.85
24.64

236
306
305
308
310

Re =100
25.5
15.3
24.6
17.0
24.0

274
237
244
248
303

Re =1000
34.2
49.7

376
660

3.3
3.3
3.3
4.2
3.4

8.1
8.1

19.7
10.1
9.4

30.7
49.5
42.2

1.74
1.42
1.81
1.46
1.53

1.85
1.17
1.76
1.32
1.85

2.92
2.41

72
76
76
75
77

76
64
62
66
92

120
129

Method

Error
of

max
stream

function

31x31

CPU
sec

No.
of

itera-
tions

Error
of

max
stream

function

21x21

CPU
sec

No.
of

itera-
tions

Error
of

max
stream

function

11x11

CPU
sec

No.
of

itera-
tions

ADICC3

CCb

EXPC

UFOd

USOe

ADICC
CC
EXP
UFO
USO

ADICC
UFO
USO

aADICC-same as CC but with ADI. bCC-central differences. cEXP-exponential differences,
servative. °USO - upwind differences, second order, nonconservative.

1 UFO-upwind differences, first order, con-

Table 3 Error of the maximal wall and exit vorticity in the impinging jet (compared with results of Richardson extrapolation)

Mesh size
31x31

error of
max
exit

vorti-
city

1.29
1.23
3.70
0.32

7.3
16.3
19.8
4.7

error of
max
wall

vorti-
city

0.91
0.55
3.0
1.33

5.6
9.7
16.9
2.7

CPU
sec

105.6
173.4
126.6
157.0

103.0
99.0
78.9
120.6

No. of
itera-
tions

480
780
822
857

472
439
502
653

error
of max

exit
vorti-
city

2.91
3.7
7.0
1.29

17.7
27.3
34.8
12.1

error of
max wall

vorti-
city

2.04
1.36
3.95
1.39

12.5
22.6
25.0
14.1

21x21

CPU
sec

Re =100
19.01
34.5
27.1
35.6

Re =1000
22.9
20.6
17.9

Methoda

11x11

No. of
itera-
tions

203
362
392
465

246
211
252

error of
max
exit

vorti-
city

11.8
1 15.5

19.6
13.4

45.8
58.9
60.9
54.0

error of
max
wall

vorti-
city

6.9
5.25
6.7
1.7

35.4
61.3
53.6
51.5

CPU
sec

1.5
2.72
2.16

4.64
1.81
1.70

No.
of

itera-
tions

55
106
113

185
67
85

ADICC
EXP
UFO
USO

ADICC
EXP
UFO
USO

a Abbreviations as in Table 2.
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corresponding to 11x11 mesh the second-order upwind
scheme requires about the same computer time as the other
methods, but its error is much greater. The first-order upwind
scheme seems to have larger errors at all meshes.

Altogether it may be concluded that whenever the central
difference scheme is stable it requires less computer time to
yield a given accuracy. The stability of central differences is
increased by the ADI method but at an increased CPU time.
The second-order upwind scheme is stable even at Re = 5000
(compared with a limit of 1000 for the central differences). It
is always somewhat less efficient than central differences.
Compared with the first-order upwind scheme it is slightly less
efficient at low Reynolds numbers and much more efficient at
high Reynolds numbers.

For the impinging jet the typical representative quantity
chosen was the maximum vorticity at the downstream
boundary of the control volume. This quantity is meaningful
only at high Reynolds number, where it should be somewhat
lower than the maximum vorticity on the upstream boundary
of the control volume. This upper bound was 4.59 in the
present calculations.

As in the cavity flow, central differences are most accurate,
but in this case the second-order upwind scheme seems to be
nearly as good as central differences, and considerably better
than the first-order upwind and the exponential schemes, with
respect to its accuracy and CPU time demands.

Conclusions
The main conclusion of this study is that the second-order

upwind scheme appears to have the potential of yielding
sufficient accuracy at an acceptable price (in spite of the fact
that it is nonconservative). However, it may become necessary
to improve its stability by the application of ADI techniques.

As might have been expected, central difference methods
offer the cheapest way to obtain a given accuracy whenever
they are stable. The first-order upwind scheme was not
usually as accurate as the second-order schemes, but its ac-
curacy was not as bad as might have been expected on the
basis of accuracy analysis. There seems to be little point in
using the exponential scheme.
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Experimental Evaluation of Sampling
Bias in Individual Realization

Laser Anemometry
M. Scott Quigley*

Battelle Pacific North west Laboratories,
Rich/and, Wash.

and
William G. Tiederman, Jr.t

Oklahoma State University, Stillwater, Okla.

Nomenclature
N = number of velocity realizations
P = pressure
Re = Reynolds number based on mass average velocity and

hydraulic diameter
T = integration time
TD = average Doppler period for N realizations
t =time
U = streamwise velocity
U = time-average fluid velocity
Uc = period average velocity
UB = frequency average velocity
Uj = an individual velocity realization
UT = ( r w / p ) !/2 = shear velocity
U+ = average streamwise velocity nondimensionalized with

UT

y = distance of the center of the probe volume from the
wall

y+ =yUT/v
y0 = correction to the wall location
bp — slope of the average velocity profile deduced from

pressure gradient measurements
A = change in a quantity
6/2 = beam intersection half-angle
X = wavelength of laser light
IJL = absolute viscosity
v = kinematic viscosity
p = density
rw =wall shear stress deduced

measurements
w/ = weighting function

from pressure gradient

o Introduction
NE of the principal quantities of interest in turbulent
flow measurements is the time-average velocity at a point

(1)= ~Y\ V(t)At

This is a straightforward quantity to evaluate experimentally
when there is a temporally continuous record of the velocity.
However, when the record is discontinuous, as it is when the
concentration of scattering particles is dilute and a laser
Doppler anemometer is operated in the individual realization
or counting mode,1>2 a precise estimate of the time-average
velocity becomes difficult. For an unbiased histogram of
random, independent velocity realizations the time-average
velocity »can be estimated from the ensemble average of the
velocity realizations by

(2)
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